Solvable matrix representations of Kähler groups  by Brudnyi, Alexander
Differential Geometry and its Applications 19 (2003) 167–191
www.elsevier.com/locate/difgeo
Solvable matrix representations of Kähler groups
Alexander Brudnyi
Department of Mathematics and Statistics, University of Calgary, Calgary, Canada T2N 1N4
Received 23 January 2002; received in revised form 14 May 2002
Communicated by S.G. Gindikin
Abstract
In the paper we study solvable matrix representations of fundamental groups of compact Kähler manifolds
(Kähler groups). One of our main results is a factorization theorem for such representations. Further, we explore
the structure of certain Kähler groups. As an application we prove that the universal covering of a compact Kähler
manifold with a residually solvable fundamental group is holomorphically convex.
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1. Introduction
1.1. Two factorization theorems on representations of Kähler groups
Let M be a compact Kähler manifold. The fundamental group π1(M) of M can be studied via its
representations or equivalently in terms of locally constant sheaves on M . The set Hom(π1(M),GLn(C))
of all homomorphisms of π1(M) into the matrix Lie group GLn(C) has the natural structure of a complex
affine algebraic variety. The group GLn(C) acts on Hom(π1(M),GLn(C)) by pointwise conjugation:
(gf )(s) = gf (s)g−1, s ∈ π1(M). The study of geometric properties of Hom(π1(M),GLn(C)) is of
interest because of the relation to the problem of classification of Kähler groups and description of
complex manifolds which occur as non-ramified coverings of a projective manifold. For any ρ ∈
Hom(π1(M),GLn(C)) let us denote by Xρ the union of all the irreducible components containing ρ.
Let Dn(C)⊂ GLn(C) be the subgroup of diagonal matrices. The primary goal of this paper is to prove
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result let us first introduce some notation.
Let N be a compact Kähler manifold. Hereafter αN :N → Alb(N) denotes the Albanese map of N
and Na is the normalization of the image αN(N). We also denote by αnN :N →Na the holomorphic map
which covers αN .
Theorem 1.1. Let M be a compact Kähler manifold. There is a finite Galois covering r :MH →M with
an abelian Galois group H :=H(M) such that for any ξ ∈Xρ with ρ ∈Hom(π1(M),Dn(C)) we have
Ker
(
αnMH∗
)⊂Ker(ξ).
Remark 1.2. If ρ ∈ Hom(π1(M),Dn(C)) is the trivial homomorphism, then our method of proof gives
also Ker(αnM∗)⊂Ker(ξ) for any ξ ∈Xρ . Here dimCXρ > 0 if and only if H 1(M,C) = 0.
Example 1.3. Let Tn(C) ⊂ GLn(C) be the subgroup of complex upper triangular matrices. For any
ρ ∈ Hom(π1(M),Tn(C)) let d(ρ) ∈ Hom(π1(M),Dn(C)) be the representation defined by the diagonal
of ρ. For the holomorphic diagonal matrix A(z) := diag[1, z, z2, . . . , zn−1], z ∈ C, we set ρ(z) :=
A(z)−1ρA(z). Then ρ(z) determines a holomorphic deformation of ρ to ρ(0) = d(ρ). In particular,
ρ ∈Xd(ρ).
If we restrict ourselves to special subsets of Xρ then Theorem 1.1 can be strengthened. To formalize
what we mean, consider first the following generalization of Example 1.3.
Let Vρ be a flat vector bundle on M constructed by ρ ∈ Hom(π1(M),GLn(C)). Clearly, Vρ can be
also considered as a holomorphic vector bundle. As usual, for any holomorphic vector bundle E with
structure group Tn(C) by Gr∗E we denote the associated graded vector bundle (with cocycle defined as
the diagonal of the cocycle of E). Then Gr∗E is the direct sum of rank-1 holomorphic vector bundles
on M .
Definition 1.4. We say that ρ ∈ SOn (M) if Vρ satisfies:
(a) As a holomorphic bundle, Vρ is isomorphic to a bundle VOρ with structure group Tn(C).
(b) The first Chern classes of components of the decomposition of Gr∗VOρ belong to Tor(H 2(M),Z).
Clearly, Hom(π1(M),Tn(C)) ⊂ SOn (M). Let Dun ⊂ Dn(C) be the subgroup of unitary diagonal
matrices and pt :Mt →M be the Galois covering of M with the Galois group Tor(π1(M)/Dπ1(M)).
Here DG = D1G is the derived subgroup of a group G. (We also set DiG = DDi−1G.) Under the
assumptions of Theorem 1.1 we prove
Theorem 1.5. For any ξ ∈ SOn (M) there is ρ ∈ Hom(π1(M),Dun) such that p∗t (ξ ) ∈ Xp∗t (ρ). Moreover,
r∗(ξ) factors through αMH , that is,
ξ ◦ r∗ = ξ ′ ◦ αnMH∗
for some ξ ′ ∈ Hom(π1(MHa),GLn(C)).
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vector bundles (equivalently, all first Chern classes in (b) above equal 0). Then we will show that ξ ∈Xρ
for some ρ ∈Hom(π1(M),Dun). (For the analytic description of such ξ see Section 2 below.)
The methods used to prove our main Theorem 1.1 allow us also to prove somewhat more concerning
the representations of Kähler groups.
Let En(M) be the class of homomorphisms ξ :π1(M) → Dn(C) whose diagonal characters ξii
satisfy ξii = exp(ξ˜ii) for some ξ˜ii ∈ Hom(π1(M),C). Let Sn(M) be the class of homomorphisms ρ ∈
Hom(π1(M),Tn(C)) such that d(ρ) ∈ En(M) (where d(ρ) is the diagonal of ρ). If π : T˜n(C)→ Tn(C)
is the universal covering, then, according to [24, Theorem 5.5], ρ ∈ Sn(M) if and only if ρ = π ◦ ρ˜
for some ρ˜ ∈ Hom(π1(M), T˜n(C)). In Lemma 4.6 we will show that Xρ ⊂ Xd(ρ) for any ρ ∈ Sn(M).
Let T un ⊂ Tn(C) be the subgroup of matrices with unitary diagonals and T˜ un ⊂ T˜n(C) be the universal
covering of T un . We set Sun(M) := Sn(M)∩Hom(π1(M),T un ) and define
G0s (M)=
⋂
n1
⋂
ρ∈Sn(M)
Ker(ρ), G0su(M)=
⋂
n1
⋂
ρ∈Sun(M)
Ker(ρ).
Notice that the above groups are kernels of P-completion homomorphisms ηP :π1(M) → π1(M)P
where P is the category of groups T˜n(C) and T˜ un , respectively. In general we can say only that
G0s (M)⊆G0su(M). However, if M is a compact Kähler manifold then
Theorem 1.7. G0s (M)=G0su(M).
1.2. On the structure of Kähler groups
In this section we formulate several results on the structure of Kähler groups.
Let C be a smooth compact complex curve of genus g  1. Any character ξ ∈ Hom(π1(C),C∗) can
be written as exp(ξ˜ ) for some ξ˜ ∈Hom(π1(C),C). In turn, ξ˜ is defined by integration along the paths of
a harmonic 1-form ω on C. Let ω= ω′ +ω′′ be the type decomposition of ω into the sum of holomorphic
and antiholomorphic 1-forms and ξ˜ ′′ ∈ Hom(π1(C),C) be the homomorphism defined by integration of
ω′′ − ω′′. We set ξ ′′u = exp(ξ˜ ′′). Then ξ ′′u ∈ Hom(π1(C),U1) where U1 is the unitary group. Notice also
that ξ ′′u is uniquely defined by ξ . Let f :M→ C be a holomorphic surjective map with connected fibres
of a compact Kähler manifold M onto a smooth compact complex curve C of genus g  1.
Theorem 1.8. Assume that ρ ∈Hom(π1(M),Tn(C)) satisfies:
(1) d(ρ)=⊕ni=1 f ∗(ρi) for some ρi ∈Hom(π1(C),C∗);
(2) ρ ′′iu⊗ (ρ ′′ju)−1 is not a torsion character for any i = j .
Then there is ρ˜ ∈Hom(π1(C), Tn(C)) such that ρ = f ∗(ρ˜).
Remark 1.9. If ρ ∈Hom(π1(M),T un ) then (2) acquires the form ρi ⊗ ρ−1j is not torsion for any i = j .
Let G be the fundamental group of a compact Riemann surface of genus g  2 and G1 be an extension
of G by Zk, k  1, such that the conjugate action s of G on Zk is trivial on DG. Thinking of Zk as a
subgroup of Zk ⊗ C we can extend s to a representation s′ :G→ GLk(C) so that s′(g)|Zk = s(g) for
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nilpotent representation G→ Tkj (C) with diagonal character ρj .
Theorem 1.10. Assume that a Kähler group F is defined as
{1}→K i→ F j→G1 →{1}
and j−1(Zk)⊂ F does not admit a surjective homomorphism onto a free group with infinite number of
generators. Then all characters ρj are torsion.
The above theorem produces many examples of non-Kähler groups even in the case when K is finitely
presented.
Example 1.11. For generators e1, . . . , e2g of G,
∏g
i=1[ei, eg+i] = 1, let us define s :G→ SL2(Z) by the
formula
s(ej )=
(
2 1
3 2
)
, j = 1, . . . ,2g.
Let F be the semidirect product of G and Z2 defined by s. Since the image of s is abelian, F satisfies
the assumptions of Theorem 1.10 (with K = {1}). According to this theorem F is not Kähler because the
eigenvalues of each s(ej ) are 2±
√
3.
1.3. Holomorphic convexity of residually solvable coverings of compact Kähler manifolds
We can also apply Theorem 1.1 to the problem of the holomorphic convexity of a Galois covering of
a compact Kähler manifold. Central to the subject is a conjecture of Shafarevich according to which the
universal covering Mu of a projective manifold M is holomorphically convex, meaning that there is a
proper surjective holomorphic map of Mu onto a Stein space. The validity of the Shafarevich conjecture
has been established in several classes of examples due to the efforts of F. Campana, P. Eyssidieux,
H. Grauert, R. Gurjar, L. Katzarkov, M. Nori, M. Ramachandran, C. Simpson, S. Shasrty, K. Zuo,
S.T. Yau (see, e.g., [9,12,15–17,19,20,23,25,27]). The strongest result to date is due to Eyssidieux [12],
who showed that the Shafarevich conjecture is true for the covering corresponding to the intersection of
the kernels of all reductive representations of π1(M) in some GLn(C).
For a compact Kähler manifold M we define
(1.1)Gs(M) :=
⋂
n1
⋂
ρ∈Hom(π1(M),Tn(C))
Ker(ρ)
and let Ms be the regular covering of M with the transformation group π1(M)/Gs(M).
Theorem 1.12. Ms is a holomorphically convex manifold. Thus if p :M1 →M is a finite unbranched
covering of M such that the family {Hom(π1(M1), Tn(C))}n1 separates the elements of π1(M1) then the
universal covering Mu of M is holomorphically convex.
Theorem 1.12 answers the question raised by Katzarkov [15, p. 345] about solvable analog of his
result on the holomorphic convexity of the Malcev covering of any smooth projective manifold. (In fact,
his result is a corollary of our theorem.)
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is a Stein manifold.
We will complete this section by the following important result.
Theorem 1.14. Let M be a compact Kähler manifold satisfying the conditions of Corollary 1.13 and MH
be the same as in Theorem 1.1. Assume also that
dimCM 
1
2
rank
(
π1(M)/D
2π1(M)
)
.
Then dimCM = 12 rank(π1(M)/D2π1(M)) and π1(MH) is a free abelian group. If, in addition,
πi(Mu)= 0 for 1 i  dimCM
then αMH :MH →Alb(MH) is biholomorphic.
Remark 1.15. If π1(M) is residually torsion free nilpotent satisfying π2(M) = 0 and dimCM 
1
2 rank(π1(M)/Dπ1(M)) then dimCM = 12 rank(π1(M)/Dπ1(M)) and π1(M) is free abelian. If, in
addition, πi(Mu)= 0 for 1 i  dimCM then αM is biholomorphic.
In particular, any compact complex manifold M with a nonzero Kobayashi semi-metric satisfying the
conditions of Theorem 1.14 or Remark 1.15 is not Kähler.
The paper is organized as follows. In the next section we reduce Theorem 1.1 to the case of
representations from Hom(π1(M),Tn(C)). Also we describe a classification theorem for a class of flat
connections on M × Cn with triangular (0,1)-components (see [7]) which is crucial in the proof of
Theorem 1.1. In Section 3 we study some properties of fibered Kähler manifolds and prove Theorems 1.8
and 1.10. In Section 4 we prove Theorems 1.1, 1.5 and 1.7. Finally, in Section 5 we prove Theorem 1.11
and the remaining results.
The initial version of this paper containing Theorems 1.1 and 1.12 was written in 1999 and submitted
to arXiv.org.
2. Flat connections and flat vector bundles
2.1. In this section we collect some results on the relation between flat vector bundles and the flat
connections which determine them.
Let M be a compact Kähler manifold and gln(C) be the Lie algebra of GLn(C). Consider the family
of C∞-trivial flat vector bundles on M of complex rankn. It is well-known that every bundle from this
family is determined by a flat connection on the trivial bundle M × Cn, that is, by a gln(C)-valued
differential 1-form ω on M satisfying
(2.1)dω− ω ∧ω= 0.
Denote the class of flat connections by An(M). The group C∞(M,GLn(C)) acts by d-gauge transforms
on the set An(M):
(2.2)dg(α)= g−1αg− g−1dg, g ∈ C∞
(
M,GLn(C)
)
, α ∈An(M).
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classes of connections from An(M).) Let p :Mu →M be the universal covering of M and p∗(ω) be
the pullback of ω. Fix a point x ∈ Mu. Then there is a unique solution Ix(ω) ∈ C∞(Mu,GLn(C)) of
the equation dF = p∗(ω)F satisfying Ix(ω)(x) = En (here En denotes the unit matrix). Ix(ω) can be
obtained by the Picard method of successive approximations (also called iterated path integration). Let
| · | denote the l2-norm in the space of n× n matrices. Then we also have
(2.3)∣∣Ix(ω)(y)∣∣ ecr(y)|ω|M
where r is the distance from x in the metric pulled back from M , c := c(M) > 0 is a constant and
| · |M is an L2-norm on the space of gln(C)-valued differential 1-forms on M . Moreover, if the form
ω = ω(z) depends holomorphically on a parameter z varying in the unit disk D⊂C, then Ix(ω(z))(y) is
holomorphic in z for any y ∈Mu.
Let o(x) := {h(x)}h∈π1(M) be the orbit of x under the action of the covering group π1(M). Then the
restriction Ix(ω)|o(x) determines a homomorphism of π1(M) into GLn(C):
Ix(ω)
(
(h1h2)(x)
)= Ix(ω)(h1(x)) · Ix(ω)(h2(x)), h1, h2 ∈ π1(M).
If x, y ∈ Mu are distinct points then there is a matrix C(x, y) ∈ GLn(C) such that Iy(ω)|o(y) =
C(x, y)−1Ix(ω)|o(x)C(x, y). Further, for any g ∈ C∞(M,GLn(C)) there is a matrix C ∈ GLn(C) such
that
Ix
(
dg(α)
)= C−1Ix(α)C, α ∈An(M).
Thus Ix determines an injective map Ix :Bn(M)→ Hom(π1(M),GLn(C))/GLn(C). Its image consists
of equivalence classes of homomorphisms whose associated flat vector bundles are C∞-trivial.
Another way to construct a representation by a flat connection ω ∈ An(M) is as follows (see also,
e.g., [24, Sections 5, 6]). Let (Ui)i∈I be an open cover of M by sets diffeomorphic to Euclidean balls and
let fi ∈C∞(M,GLn(C)) be a solution of df = ωf on Ui . If we set cij = f −1i fj on Ui ∩Uj , then {cij } is a
locally constant cocycle and so it determines a flat vector bundle E(ω) on M . Then a standard procedure
(see, e.g., [18, Chapter 2, Section 9]) allows to construct a ρ ∈ Hom(π1(M),GLn(C)) by E(ω). Notice
that ρ coincides with Ix(ω)|o(x) for a suitable x ∈Mu.
Let E be a C∞-trivial flat vector bundle on M . Consider the flat vector bundle End(E). Let {cij } be
a locally constant cocycle on an open acyclic cover (Ui)i∈I of M determining E. A family {ηi}i∈I of
matrix-valued p-forms satisfying
(2.4)ηj = c−1ij ηicij on Ui ∩Uj
is, by definition, a p-form with values in the bundle End(E). According to (2.4) the operators d and
∧ are well-defined on the set of matrix-valued p-forms. In particular, one can consider gln(C)-valued
1-forms α with values in End(E) satisfying the flatness condition dα − α ∧ α = 0. Let h be a linear
C∞-automorphism of E determined by the family {hi}i∈I , (hi ∈C∞(Ui,GLn(C))), satisfying
hj = c−1ij hicij on Ui ∩Uj .
Then a d-gauge transform dEh defined on the set of gln(C)-valued 1-forms α with values in End(E) is
given by the formula
dEh (α)= h−1αh− h−1dh.
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on M × Cn determining E and gi ∈ C∞(Ui,GLn(C)) be a solution of df = ψf such that g−1i gj = cij .
Consider the map τψ defined on the set of matrix-valued 1-forms α on M by
(2.5)τψ(αi)= g−1i (αi −ψi)gi, αi := α|Ui , ψi :=ψ |Ui .
Then τψ maps the set An(M) isomorphically onto the set of End(E)-valued matrix 1-forms satisfying the
flatness condition. Further, if h ∈ C∞(M,GLn(C)) then the family {g−1i hgi}i∈I determines an element of
Aut(E). In what follows we identify C∞(M,GLn(C)) with Aut(E). Then we have
τψ ◦ dh = dEh ◦ τψ for every h ∈ C∞
(
M,GLn(C)
)
(for the proof, see, e.g., [7, Proposition 2.2]).
2.2. In this part we describe some results of [7] (see also [5] for the general case). Let ω be a flat
connection on M ×Cn such that the (0,1)-component ω′′ of ω is an upper triangular matrix form. Doing
a d-gauge transform with a diagonal matrix-function we may assume without loss of generality that
diag(ω′′) is a matrix-valued harmonic (0,1)-form on M , in particular, that it is d-closed (M is Kähler).
Consider another flat connection on M ×Cn defined by the system of ODEs
(2.6)df =ψf
where ψ := diag(ω′′)− diag(ω′′). Let {fi}i∈I , fi ∈ C∞(M,Dun), be a family of local solutions of (2.6)
defined on an open acyclic cover (Ui)i∈I of M , where Dun ⊂ Un is the Lie subgroup of unitary diagonal
n× n matrices. Then the cocycle
cij := f −1i fj on Ui ∩Uj
determines a flat vector bundle Vψ which is the direct sum of C∞-trivial complex rank-1 flat vector
bundles with unitary structure group. In what follows Vψ -valued harmonic forms are defined with respect
to Laplacians constructed by the natural flat Hermitian metric on End(Vψ). Consider now the map τψ
defined in Section 2.1 with ψ as above. Clearly τψ(ω) is an End(Vψ)-valued 1-form with a nilpotent
(0,1)-component. Recall that a family {ηi}i∈I of matrix-valued 1-forms satisfying
ηj = c−1ij ηicij on Ui ∩Uj
is a nilpotent 1-form with values in End(Vψ) if every ηi takes its values in the Lie algebra of the Lie
group of upper triangular unipotent matrices. It was proved in [7, Proposition 2.3] that
(A) There is a g ∈ C∞(M,Tn(C)) such that τψ(dg(ω))= η1 + η2, where the (1,0)-form η1 is ∂-closed
and η2 is a d-closed nilpotent antiholomorphic 1-form. In particular, if the form ω is upper triangu-
lar then η1 is also upper triangular.
This implies that η1 can be decomposed into the sum α + ∂h, where α is its harmonic component
in the Hodge decomposition. Then the Hodge decomposition and the ∂∂-lemma (see, e.g., [1,
Lemma 7.39]) imply
(B) α is d-harmonic and (α + η2) ∧ (α + η2) represents 0 in the de Rham cohomology group H 2(M,
End(Vψ)).
Conversely, let α be an End(Vψ)-valued d-harmonic (1,0)-form and let θ be a d-harmonic nilpotent
End(Vψ)-valued (0,1)-form. Then we have (see [7, Proposition 2.4]):
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summand) section h such that α+ ∂h+ θ satisfies the flatness condition. In particular, there is a flat
connection ω on M ×Cn with an upper triangular (0,1)-component such that τψ(ω)= α+ ∂h+ θ .
If, in addition, α is upper triangular then ω is also upper triangular.
The following examples will be used in the sequel.
Example 2.1. (1) Let C be a compact complex curve of genus g  1. Any representation ρ ∈
Hom(π1(C), Tn(C)) determines a C∞-trivial flat vector bundle on C. Let d(ρ) ∈ Hom(π1(C),Dn(C))
be the representation defined by the diagonal of ρ. Then d(ρ) is defined by the system of ODEs
df = φf with diagonal harmonic 1-form φ. Let φ = φ′ + φ′′ be the type decomposition. Denote
by d(ρ)′′u ∈ Hom(π1(C),Dun) the representation defined by equation df = (φ′′ − φ′′)f . Let Vd(ρ)′′u be
the flat vector bundle associated to d(ρ)′′u. Then Vd(ρ)′′u =
⊕n
i=1Vi where each Vi is a complex rank-
1 flat vector bundle on C with structure group U1. Further, End(Vd(ρ)′′u) =
⊕n
i,j=1 V
∗
i ⊗ Vj . Assume
that V ∗i ⊗ Vj is not trivial for any i = j . Then it is easy to see (e.g., by duality) that the de Rham
cohomology group H 2(C,V ∗i ⊗ Vj) is zero. According to the above results the equivalence class
of ρ is defined by an upper triangular harmonic 1-form η with values in End(Vd(ρ)′′u) such that η ∧ η
represents 0 in H 2(C,End(Vd(ρ)′′u)) and the (0,1)-component of η is nilpotent. Notice that the identity
H 2(C,V ∗i ⊗ Vj) = 0 for i = j implies that the first condition for η is always fulfilled. Conversely, any
upper-triangular End(Vd(ρ)′′u)-valued harmonic 1-form η with a nilpotent (0,1)-component determines
the equivalence class of a representation from Hom(π1(C), Tn(C)).
(2) Let M be a compact Kähler manifold, ρ ∈ SOn (M) and pt :Mt →M be the Galois covering with
the Galois group Tor(π1(M)/Dπ1(M)). Let Vρ be the associated flat vector bundle. Then according to
condition (b) in the definition of SOn (M), the first Chern classes of components of the decomposition
of Gr∗(p∗t VOρ ) are zero. Therefore p∗t Vρ is defined by a flat connection on Mt × Cn with a triangular
(0,1)-component and the results of this section describe the equivalence class of p∗t Vρ .
2.3. In this section we reduce Theorem 1.1 to the case of solvable matrix representations.
Let p1(g1, . . . , gk) = 1, . . . , pl(g1, . . . , gk) = 1 be a finite presentation of π1(M). Here g1, . . . , gk ∈
π1(M) is a set of generators. Then Hom(π1(M),GLn(C)) is defined (up to polynomial isomorphisms) as
an affine algebraic subvariety of (GLn(C))k by equations
p1(X1, . . . ,Xk)=En, . . . , pl(X1, . . . ,Xk)=En, X1, . . . ,Xk ∈GLn(C).
Let ρ ∈ Hom(π1(M),GLn(C)). Assume that there is an irreducible component X ⊂ Hom(π1(M),
GLn(C)) of ρ such that dimCX  1. Since X is a complex algebraic variety of pure dimension  1,
resolution of singularities shows that there is a non-constant holomorphic map f :D→ X such that
f (0) = ρ. Let Fρ be the family of all such maps. Then there is an open neighbourhood O ⊂ X of ρ
such that for any w ∈ O there is an f ∈ Fρ so that w ∈ f (D). Any f ∈ Fρ determines a holomorphic
deformation of ρ (which we denote by the same letter). In particular, we have f (z)(g)=∑∞i=0 fi(g)zi ,
g ∈ π1(M), such that f (z) ∈ Hom(π1(M),GLn(C)), f0 = ρ, fi are functions on π1(M) with values in
gln(C) and the series converges uniformly on each compact subset of D for any g ∈ π1(M).
Let C[[z]] be the ring of formal power series over C. Let Im ⊂ C[[z]] denote the ideal generated
by zm. Let πm :C[[z]] → C[[z]]/Im =: Am[z] be the quotient homomorphism. For any h ∈ C[[z]] we
identify πm(h) with the first m terms of the expansion of h. Let GLn(Am[z]) be the group of invertible
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where ai ∈ gln(C). The element a is invertible if and only if a0 ∈ GLn(C). Similarly, denote by
gln(Am[z]) the algebra of all n× n matrices with entries from Am[z]. The homomorphism πm induces
a similar homomorphism (denoted by the same letter) GLn(C)[[z]] → GLn(Am[z]) of the space of
formal matrix power series which associate to each series the first m terms of its Taylor expansion.
Assume now that f ∈Fρ is a homomorphism depending holomorphically on z ∈ D. Then πm(f ) ∈
Hom(π1(M),GLn(Am[z])). Obviously we have
Proposition 2.2.⋂
z∈D
Ker
(
f (z)
)=⋂
i0
Ker
(
πi
(
f (z)
))
.
The main result of this section is the following reduction in Theorem 1.1. We retain the notation
introduced in Theorem 1.1.
Proposition 2.3. Theorem 1.1 is a consequence of the following result: For any ρ ∈ Hom(π1(M),Tn(C)),
n 1, we have Ker(αnMH∗)⊂Ker(ρ).
Proof. Let Sdn ⊂ gln(C)[[z]] be the subalgebra of matrix power series a =
∑∞
i=0 aiz
i with diagonal a0.
We set Fm,n := πm(Sdn ) ⊂ gln(Am[z]). Any element b ∈ Fm,n admits an expansion b =
∑m−1
i=0 bizi with
diagonal b0. Further, Fm,n is a finite-dimensional Lie algebra over C with the bracket: [a, b] := ab− ba,
a, b ∈ Fm,n. Let F ∗m,n := {b ∈ Fm,n: b =
∑m−1
i=0 b0z
i
, b0 ∈Dn} denote the group of invertible elements of
Fm,n (with respect to multiplication). Then F ∗m,n is a complex solvable Lie group. Let φ :F ∗m,n →GLp(C),
p = dimC Fm,n, be the faithful representation obtained by the left multiplication of the elements of Fm,n
by the elements of F ∗m,n. We set Vk := {v ∈ Fm,n: v =
∑m−1
i=k viz
i}. Then
Fm,n = V0 ⊃ V1 ⊃ V2 ⊃ · · · ⊃ Vm = {0}
is a chain of invariant F ∗m,n-submodules with respect to φ. The quotient representation F ∗m,n →
GL(Vi+1/Vi) is defined by left multiplication of matrices from gln(C) by invertible diagonal matrices. In
particular, φ is equivalent to a representation φ˜ :F ∗m,n → Tp(C) (defined by the choice of a suitable basis
in Fm,n).
Consider now ρ ∈ Hom(π1(M),Dn(C)). Let f ∈ Fρ be a holomorphic deformation of ρ. Then
πm(f ) ∈ Hom(π1(M),F ∗m,n). Further, consider fm := φ˜ ◦ πm(f (z)). It is easy to see that the diagonal
characters of fm are the same as for ρ. Clearly fm ∈ Hom(π1(M),Tp(C)). Assume now that Theorem 1.5
is valid for any fm, m  0, and any n  1. Then according to Proposition 2.2, Ker(f (z)) contains
Ker(αnMH∗) for any z ∈D.
Let X1 ⊂ Xρ be an irreducible component of Hom(π1(M),GLn(C)) containing ρ and O ⊂ X1 be
an open neighbourhood of ρ such that for any w ∈ O , w = ρ, there is f ∈ Fρ satisfying w ∈ f (D).
Then the assumption of the proposition and the previous arguments applied to such f (z) imply that
Ker(αnMH∗)⊂Ker(w) for any w ∈O . Let g ∈Ker(αnMH∗) and g = p(g1, . . . , gk) be a word representing g.
Here g1, . . . , gk ∈ π1(M) are generators. Then the complex algebraic matrix function p(Z1, . . . ,Zk),
Z1, . . . ,Zk ∈ GLn(C), equals 0 on an open set O ⊂ X1. Since X1 is irreducible, p ≡ 0 on X1. This
argument applied to each g ∈ Ker(αnM ) shows that Ker(αnM ) ⊂ Ker(q) for any q ∈ X1. The same isH∗ H∗
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required statement. ✷
3. Fibered Kähler manifolds
In this section we study some properties of fundamental groups of compact Kähler manifolds which
admit surjective holomorphic maps with connected fibers onto compact Riemann surfaces. We also prove
Theorems 1.8 and 1.10.
3.1. Let f :M → C be a holomorphic surjective map with connected fibres of a compact Kähler
manifold M onto a smooth compact complex curve C. Consider a flat vector bundle L on C of complex
rank 1 with unitary structure group and let E = f ∗L be the pullback of this bundle to M . Let ω ∈Ω1(E)
be a holomorphic 1-form with values in E (by the Hodge decomposition ω is d-closed).
Lemma 3.1. Assume that ω|Vz = 0 for the fibre Vz := f −1(z) over a regular value z ∈ C. Then ω|V = 0
for any fibre V of f .
Remark 3.2. If V is not smooth the lemma asserts that ω equals 0 on the smooth part of V .
Proof. Denote by S the set of non-regular values of f . Then S ⊂ C consists of a finite number of points.
First consider fibres of f over regular values. By Sard’s theorem, f :M \f −1(S)→ C \S is a fibre bundle
with connected fibres. According to our assumption there is a fibre Vz of this bundle such that ω|Vz = 0.
Then ω|V = 0 for any fibre V of f |M\f−1(S). In fact, for any fibre V there is an open neighbourhood OV
of V diffeomorphic to R2 × V such that E|OV is the trivial flat vector bundle (here we have used the fact
that E|V is trivial because it is pullback of a bundle defined over a point). Any d-closed holomorphic
1-form defined on OV that vanishes on V is d-exact, and so it vanishes on each fibre contained in OV .
Starting with a tubular neighbourhood OVz and taking into account that ω|OVz can be considered as a d-
closed holomorphic 1-form (because E|OVz is trivial) we obtain that ω|V = 0 for any fibre V ⊂OVz . Then
the required statement follows by induction if we cover M \ f −1(S) by open tubular neighbourhoods of
fibres of f and use the fact that C \ S is connected.
Consider now fibres over the singular part S. Let Ox ⊂ C be the neighbourhood of a point x ∈ S
such that Ox \ S = Ox \ {x} is biholomorphic to D \ {0}. In particular, π1(Ox \ S) = Z. Without loss
of generality we may assume that V = f −1(x) is a deformation retract of an open neighbourhood Ux
of V and Wx := f −1(Ox) ⊂ Ux (such Ux exists, e.g., by the triangulation theorem of the pair (M,V ),
see [21, Theorem 2]). Since E|V is trivial, the bundle E|Ux is also trivial. Therefore we can regard ω
as a d-closed holomorphic 1-form on Ux . Moreover, we already have proved that ω|F = 0 for any fibre
F ⊂Wx \f −1(S). So ω equals 0 on each fibre of the fibration f :Wx \f −1(S)→Ox \S. This implies that
there is a d-closed holomorphic 1-form ω1 on Ox \ S such that ω = f ∗(ω1). Assume now that ω|V = 0.
Then integration of ω|Wx along paths determines a non-trivial homomorphism hω,x :π1(Wx) → C
whose image is isomorphic to Z. In fact, since embedding Wx \ f −1(S) ↪→ Wx induces a surjective
homomorphism of fundamental groups, we can integrate ω by paths contained in Wx \ f −1(S) obtaining
the same image in C. Further, for any path γ ⊂Wx \f −1(S) we have
∫
γ
ω = ∫
γ1
ω1, where γ1 is a path in
Ox \S representing the element f∗(γ ) ∈ π1(Ox \S). But π1(Ox \S)= Z and therefore hω,x(π1(Wx))∼= Z.
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determines a homomorphism h of Γ := (π1(V )/Dπ1(V ))/torsion into C with image isomorphic to Z.
Without loss of generality we may assume that V is smooth (for otherwise, we apply the arguments below
to each irreducible component of a desingularization of V ). Integrating holomorphic 1-forms on V along
paths we embed Γ into some Ck as a lattice of rank 2k. Then there is a linear holomorphic functional fω
onCk such that h= fω|Γ . Since rk(h(Γ ))= 1, fω equals 0 on a subgroup H ⊂ Γ isomorphic to Z2k−1. In
particular, fω = 0 on the vector space R = span(H) of real dimension 2k − 1. But Ker(fω) is a complex
vector space. So fω = 0 on Ck which implies that ω|V = 0. This contradicts our assumption and proves
the required statement for fibres over the points of S.
The lemma is proved. ✷
3.2. Let f :M → C be a surjective holomorphic map with connected fibres of a compact Kähler
manifold M onto a smooth compact complex curve C. Then the induced homomorphism f∗ :π1(M)→
π1(C) is surjective. Denote by T2 ⊂ T2(C) the Lie group of matrices of the form(
a b
0 1
)
(a ∈C∗, b ∈C).
For a homomorphism ρ ∈ Hom(π1(M),T2) we let ρa ∈ Hom(π1(M),C∗) denote the upper diagonal
character of ρ.
Proposition 3.3. Let ρ ∈ Hom(π1(M),T2) be such that ρa is a non-unitary character. Assume that
ρa|Ker(f∗) is trivial. Then ρ|Ker(f∗) is also trivial.
Proof. Let pt :Mt → M be the Galois covering with transformation group Tor(π1(M)/Dπ1(M)).
Then ρ|π1(Mt ) determines a C∞-trivial complex rank-2 flat vector bundle on Mt , because ρa|π1(Mt ) =
exp(ρ ′|π1(Mt )) for some ρ ′ ∈Hom(π1(M),C). In particular, ρ|π1(Mt ) can be defined by a flat connection
Ω =
(
ω η
0 0
)
; dΩ −Ω ∧Ω = 0
on Mt×C2 where ω is a d-harmonic 1-form on Mt lifted from M . Moreover, since ρa|Ker(f∗) is trivial, ω is
the pullback by f ◦pt of a d-harmonic 1-form defined on C. Let ω= ω1+ω2 be the type decomposition
of ω into the sum of holomorphic and antiholomorphic 1-forms lifted from C. Denote by Eρ the rank-1
flat vector bundle on Mt with unitary structure group constructed by the flat connection ω2 − ω2 and by
E0 =Mt ×C the trivial flat vector bundle. Observe that Eρ is pullback of a flat bundle on C. In particular,
Eρ |V is trivial for any fibre V of f ◦ pt . According to the results of Sections 2.1 and 2.2 the equivalence
class of ρ|π1(Mt ) is determined by a d-harmonic 1-form θ with values in End(Eρ ⊕E0) satisfying θ ∧ θ
represents 0 in H 2(Mt ,End(Eρ ⊕E0)). More precisely,
θ =
(
ω1 η
′
0 0
)
where η′ is a d-harmonic 1-form with values in Eρ satisfying ω1 ∧ η′ represents 0 in H 2(Mt ,Eρ). Let
Mt
g1→ M1 g2→ C be the Stein factorization of f ◦ pt . Here g1 is a morphism with connected fibres
onto a smooth curve M1 and g2 is a finite morphism. Then for any fibre V ↪→Mt of g1 we have that
pt |V :V → pt(V ) is a regular covering of the fibre pt(V ) of f with a finite abelian transformation group.
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Based on this statement we, first, finish the proof of the proposition and then will prove the lemma.
From the lemma and Lemma 3.1 it follows that η′|W = 0 for any fibre i :W ↪→Mt of g1. Thus ρ|π1(Mt ) is
trivial on i∗(π1(W))⊂ π1(Mt). But π1(W) is a subgroup of a finite index in π1(pt(W)) and the image of
ρ|j∗(π1(pt (W))) consists of unipotent matrices by the assumption of the proposition. (Here j :pt(W) ↪→M
is embedding.) Therefore ρ|j∗(π1(pt (W))) is trivial for any W . Denote by E the flat vector bundle on M
associated to ρ. Then we have proved that E|W is trivial for any fibre W of f . Further, let (Ui)i∈I be an
open cover of C such that Wi := f −1(Ui) is an open neighbourhood of a fibre Vi = f −1(xi), xi ∈ Ui , and
Wi is deformable onto Vi . Since E|Vi is trivial, E|Wi is also trivial. In particular, E is defined by a locally
constant cocycle {cij } defined on the cover (Wi)i∈I . But then {cij } is the pullback of a cocycle defined
on (Ui)i∈I because the fibres of f are connected. This cocycle determines a bundle E′ on C such that
f ∗E′ =E. Then ρ is the pullback of a homomorphism ρ ′ ∈Hom(π1(C), T2) constructed by E′.
This completes the proof of the proposition modulo Lemma 3.4.
Proof of Lemma 3.4. Observe that ω1 = 0 in the above definition of θ because ρa is non-unitary. We
also regard η′ = 0, for otherwise, the image of ρ consists of diagonal matrices and the required statement
is trivial. Let i :V ↪→Mt be a fibre over a regular value of g1. For any λ ∈C∗ consider the form
θλ =
(
λω1 η
′
0 0
)
.
Clearly, θλ ∧ θλ represents 0 in H 2(Mt,End(Eρ ⊕E0)) and thus, according to the results of Section 2.2,
it determines a representation ρλ ∈ Hom(π1(Mt), T2) with the upper diagonal character ρλa defined by
the flat connection λω1 +ω2. In particular, the family {ρλa} contains infinitely many different characters.
Assume that ρ|i∗(π1(V )) is not trivial. Then it can be determined by the restriction θ |i(V ). But according
to our assumption ω1|i(V ) = 0 and Eρ |i(V ) is a trivial flat vector bundle. Thus ρ|i∗(π1(V )) is defined by
η′|i(V ) ∈ H 1(i(V ),C). Let ψ ∈ Hom(i(V ),C) be a homomorphism obtained by integration of η′|i(V )
along paths generating π1(i(V )). Then
ρ|i∗(π1(V )) =
(
1 ψ
0 1
)
.
We also obtain that ρλ|i∗(π1(V )) = ρ|i∗(π1(V )) and so it is not trivial for any λ ∈C∗. We will prove now that
the family {ρλa} contains finitely many different characters. This contradicts our assumption and shows
that ρ|i∗(π1(V )) is trivial and so η′|V = 0.
Let H := i∗(π1(V )) be a normal subgroup of π1(Mt) (the normality follows from the exact homotopy
sequence for the bundle defined over regular values of g1). Denote by Hab the quotient H/DH . Then
Hab is an abelian group of a finite rank. Moreover, Hab is a normal subgroup of K := π1(Mt)/DH and
the group K1 := K/Hab is finitely generated. Note that ρλ induces a homomorphism ρˆλ :K → T2 for
any λ ∈ C∗ with the same image as for ρλ because the image of ρλ|H is abelian. In particular, ρˆλ(Hab)
is a normal subgroup of ρˆ(K). Since by our assumption ρˆλ(Hab) is a non-trivial subgroup of unipotent
matrices, from the identity
(3.1)
(
c b
0 1
)
·
(
1 v
0 1
)
·
(
c b
0 1
)−1
=
(
1 c · v
0 1
)
(c ∈C∗, b, v ∈C)
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elements of ρˆλ(Hab) by elements of ρλa(π1(Mt)). Note also that Tor(Hab) belongs to Ker(ρˆλ) for any λ.
Thus if H ′ ∼=Zs is a maximal free abelian subgroup of Hab then ρλa(π1(Mt)) consists of eigen values of
matrices from SLs(Z) obtained by the natural action (by conjugation) of K1 on H ′. Since K1 is finitely
generated, the number of different ρλa is finite which is false.
This contradiction completes the proof of the lemma. ✷
3.3. Let f :M → C be a holomorphic map with connected fibres of a compact Kähler manifold M
onto a smooth compact complex curve C of genus g  1. Then π1(M) is defined by the exact sequence
{1}→Ker(f∗)→ π1(M)→ π1(C)→{1}.
Let G⊂Ker(f∗) be a normal subgroup of π1(M). Then the quotient group R := π1(M)/G is defined by
the sequence
{1}→Ker(f∗)/G→R→ π1(C)→{1}.
Assume that
(1) H :=Ker(f∗)/G is a free abelian group of rank k  1;
(2) the natural action of Dπ1(C) on H is trivial.
From (2) it follows that the action s of π1(C) on H determines an action of Z2g ∼= π1(C)/Dπ1(C) on H .
Identifying H with Zk we can think of H as a subgroup (lattice) of Zk ⊗C= Ck . Then s determines a
representation s′ :π1(C)→ GLk(C) such that Dπ1(C)⊂ Ker(s′) and s′(g)|H = s(g) for any g ∈ π1(C).
Since s′ descends to a representation Z2g →GLk(C), it admits a decomposition s′ =⊕mj=1 sj where sj is
equivalent to a nilpotent representation π1(C)→ Tki (C) with a diagonal character ρj . Here
∑m
j=1 kj = k.
Proposition 3.5. All characters ρj are torsion.
Proof. By definition, R is an extension of π1(C) by H . It is well known, see, e.g., [13, Chapter I,
Section 6], that the class of extensions equivalent to R is uniquely defined by an element c ∈
H 2(π1(C),H) where the cohomology is defined by the action s of π1(C) on H . Let f ∈ Z2(π1(C),H)
be a cocycle determining c. Then one can define a representative of the equivalence class of extensions
as the direct product H × π1(C) with multiplication
(h1, g1) · (h2, g2)=
(
h1 + s(g1)(h2)+ f (g1, g2), g1 · g2
);
h1, h2 ∈H, g1, g2 ∈ π1(C).
The natural embedding H ↪→ Zk ⊗C(=Ck) determines an embedding i of R into the group R′ defined
as Ck × π1(C) with multiplication
(v1, g1) · (v2, g2)=
(
v1 + s′(g1)(v2)+ f (g1, g2), g1 · g2
);
f ∈Z2(π1(C),H ), v1, v2 ∈Ck, g1, g2 ∈ π1(C).
Here we regard f as an element of Z2(π1(C),Ck) defined by the action s′. From the decomposition
s′ =⊕mj=1 sj it follows that there is an invariant π1(C)-submodule Vj ⊂ Ck of dimCVj = k − 1 such
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multiplication by the character ρj . Then, by definition, Vj is a normal subgroup of R′ and the quotient
group Rj =R′/Vj is defined by the sequence
{1}→C→Rj → π1(C)→{1}.
Here the action of π1(C) on C is multiplication by the character ρj . Further, the equivalence class of
extensions isomorphic to Rj is defined by an element cj ∈H 2(π1(C),C) (the cohomology is defined by
the above action of π1(C) on C). We will assume that the character ρj is non-trivial (for otherwise, ρj is
clearly torsion). Let us denote by tj the composite homomorphism π1(M)→R i→R′ →Rj .
Let Eρj be a complex rank-1 flat vector bundle on C constructed by ρj ∈ Hom(π1(C),C∗). Since C
is a K(π1(C),1)-space, there is a natural isomorphism of the above group H 2(π1(C),C) and the ˇCech
cohomology group H 2(C,Eρj) of the sheaf of locally constant sections of Eρj , see e.g., [22, Chapter 1,
Complement to Section 2]. But each flat vector bundle on C is C∞-trivial and each homomorphism from
Hom(π1(C),C∗) can be continuously deformed inside of Hom(π1(C),C∗) to the trivial homomorphism.
Therefore by the index theorem
dimCH 0(C,Eρj)− dimCH 1(C,Eρj)+ dimCH 2(C,Eρj)= χ
(
π1(C)
)= 2− 2g.
Note that H 0(C,Eρj) = 0 because ρj is non-trivial. Furthermore, H 1(C,Eρj) is in a one-to-one
correspondence with the set of non-equivalent representations ρ :π1(C)→ T2 ⊂ T2(C) with the upper
diagonal character ρj . Using the identity
∏g
i=1[ei, eg+i] = 1 for generators e1, . . . , e2g ∈ π1(C) we easily
obtain that dimCH 1(C,Eρj)= 2g−2. Thus we have H 2(C,Eρj)= 0. This shows that H 2(π1(C),C)= 0
and Rj is isomorphic to the semidirect product of C and π1(C), i.e., Rj =C×π1(C) with multiplication
(v1, g1) · (v2, g2)=
(
v1 + ρj (g1) · v2, g1 · g2
)
, v1, v2 ∈C, g1, g2 ∈ π1(C).
Let us determine a map φj of Rj to T2 by the formula
φj(v, g)=
(
ρj (g) v
0 1
)
.
Obviously, φj is a correctly defined homomorphism with upper diagonal character ρj . Hence φj ◦
tj :π1(M) → T2(C) is a homomorphism which is non-trivial on Ker(f∗) by its definition. Now
Proposition 3.3 implies that ρj is a unitary character. Therefore we have proved that all characters of
the action of π1(C) on H are unitary. This means that each element of the above action is defined by
a matrix from SLk(Z) with unitary eigen values. Applying to these eigen values the Kronecker theorem
asserting that an algebraic integer is a root of unity if and only if all its Galois conjugates are unitary (see,
e.g., [6, p. 105, Theorem 2]) we obtain that each ρj is a torsion character. ✷
Using Proposition 3.5 we prove the following statement.
Let f :M→ C be a holomorphic map with connected fibres of a compact Kähler manifold M onto a
smooth compact complex curve C of genus g  1.
Proposition 3.6. Assume that ρ ∈Hom(π1(M),T2) and that the upper diagonal character ρa is pullback
of a character from Hom(π1(C),C∗). Assume also that ρ|Ker(f∗) is non-trivial. Then ρa is torsion. In
addition, the number of ρa satisfying these assumptions is finite.
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Using the Lojasiewicz triangulation theorem [21, Theorem 2], compactness of M and the fact that all
fibres of f are connected, we can find an open finite cover (Ui)1is of C such that Wi := f −1(Ui) is
an open neighbourhood of a fibre Vi = f −1(xi), xi ∈ Ui , and Vi is a deformation retract of some open
W˜i ⊃Wi . Let us fix some points xi ∈ Vi and paths γi connecting x1 with xi , 1 i  s. By Gi we denote
the image of γi · π1(Vi, xi) · γ −1i in π1(M,x1). (Clearly, each Gi is finitely generated.)
Lemma 3.7. Ker(f∗) is the minimal normal subgroup of π1(M,x1) containing all Gi (1 i  s).
Proof. Let R ⊂ π1(M,x1) be the minimal normal subgroup containing all Gi . Clearly, R ⊂Ker(f∗). We
will prove the reverse inclusion. Let p :M1 →M be the regular covering over M with the transformation
group R1 := π1(M)/R. It is a principle bundle over M with discrete fibre R1. We will prove that the
restriction of M1 to each W˜i is the trivial bundle. Since Vi is a deformation retract of W˜i , it suffices to
prove that for any closed path γ ⊂ Vi passing through xi and any point y ∈ p−1(xi) the unique covering
path γ ′ ⊂M1 of γ passing through y is closed. To prove this let us consider the path s := γi · γ · γ −1i . Let
s1 ⊂M1 be any path which covers s. Then s1 is closed, because s represents an element of the normal
subgroup R ⊂ π1(M). Let γ ′ be the covering of γ with endpoints y and y′. Then there is an element
g ∈ R1 such that y′ = g(y). Let h and h′ be the unique covering paths of γi and γ −1i passing through y
and y′, respectively. Clearly h′ = g(h−1). Now s′ = h · γ ′ · h′ covers s and so it is closed. Then we have
h′ = h−1 implying g = 1 and y = y′. So we proved that M1 is trivial over each W˜i and, in particular, it is
trivial over each Wi . This means that M1 is defined by a locally constant cocycle {cij } (with values in R1)
defined on the cover (Wi)i∈I of M . But then {cij } is the pullback of a cocycle defined on (Ui)i∈I because
the fibres of f are connected. This cocycle determines a principle bundle C1 on C with the fibre R1 such
that f ∗C1 =M1. In particular, C1 determines a homomorphism q :π1(C)→ R1 such that q ◦ f∗ is the
quotient homomorphism π1(M)→R1. This implies that Ker(f∗)⊂R. ✷
Now, we use Lemma 3.7 to prove the following result.
Lemma 3.8. Let ρ ∈ Hom(π1(M),T2) be such that Ker(f∗) ⊂ Ker(ρa) where ρa is unitary. Then
ρ(Ker(f∗))⊂N2 is a free abelian group of finite rank.
Proof. Without loss of generality we will assume that Ker(f∗) /⊂Ker(ρ). Let i :V ↪→ π1(M) be the fibre
over a regular value of f and H = i∗(π1(V ))⊂ π1(M) be the corresponding normal subgroup. First, we
prove that ρ|H is not trivial. Indeed, let E be the flat vector bundle associated to ρa . By our assumptions
E = f ∗L where L is a flat vector bundle on C with unitary structure group. It is well known that the
equivalence class of ρ is defined by a harmonic 1-form η with values in E. Since the structure group
of E is unitary, the Hodge decomposition implies that η = ω1 + ω2, where ω1 is holomorphic and ω2 is
antiholomorphic. From the proof of Lemma 3.4 we know that ρH is defined by integration of η along
closed paths of i(V ). Assume to the contrary that ρ|H is trivial. This means that η|i(V ) represents 0 in
H 1(i(V ),C) and so ω1|i(V ) = ω2|i(V ) = 0. But then Lemma 3.1 implies that ωi|V = 0 (i = 1,2) for any
fibre V of f . Let us consider a path γ which represents an element of π1(Vi, xi) (the notation is as
in Lemma 3.7). Let γ ′ = γi · γ · γ −1i . Then the monodromy argument shows that ρ(γ ′) = C · A · C−1
where C ∈ T2, A ∈ N2 and A is defined by integration of η along γ . Therefore ρ(γ ′) = 1 ∈ N2. Let
[γ ′] ∈ π1(M) be the element defined by γ ′. According to Lemma 3.7, Ker(f∗) is the minimal normal
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which contradicts to our assumption.
Next, we will prove that ρa(π1(M)) consists of algebraic integers. Let Hf ∼= Zk be the free part of
Hab =H/DH . In what follows we identify Hf with Zk . Let s :π1(M)→ SLk(Z) be the representation
induced by the action of π1(M) on H by conjugation. Since ρ(Hf )= ρ(H) is non-trivial and consists of
unipotent matrices, k  1 and identity (3.1) imply that the action of ρ(π1(M)) on ρ(Zk) by conjugation is
defined by multiplication of non-diagonal elements of ρ(Zk) by elements of ρa(π1(M)). Let e1, . . . , ek be
the standard basis in Zk . Identifying N2 with C we obtain a nonzero vector v = (ρ(e1), . . . , ρ(ek)) ∈Ck.
Then a simple calculation shows that v is a nonzero eigen vector of s(g) with the eigen value ρa(g),
g ∈ π1(M). This completes the proof.
Now let us finish the proof of the lemma. Let {gj }, 1  j  l, be the finite family which consists of
all generators of all Gi (as in Lemma 3.7). Then according to Lemma 3.7, ρ(Ker(f∗)) ⊂ ρ(π1(M)) is
the minimal normal subgroup containing all hj := ρ(gj ). Since N2 is abelian, identity (3.1) shows that
ρ(Ker(f∗)) is a discrete abelian group generated by all elements ρa(g) · gj , g ∈ H1(M,Z), 1  j  l.
Let t1, . . . , tp be the family of generators of H1(M,Z). Then the above arguments imply that each
ρa(ti), ρa(−ti) (i = 1, . . . , p) are roots of polynomials of degree k with integer coefficients and leading
coefficients 1. Since any g ∈H1(M,Z) can be written as ∑pi=1 aiti +∑pi=1 bi(−ti ) with ai, bi ∈ Z+, the
previous shows that the abelian group ρ(Ker(f∗)) is generated (over Z) by the elements
ρa(t1)
a1 . . . ρa(tp)
ap · ρa(−t1)b1 . . . ρa(−tp)bp · gj
where ai , bi are nonnegative integers satisfying 0 ai  k − 1, 0 bi  k − 1, and 1 j  l. Since the
number of such generators is finite, ρ(Ker(f∗)) is finitely generated. It is also free as a subgroup of the
free group N2.
The proof of the lemma is complete. ✷
Let us finish the proof of the proposition. Let ρ ∈ Hom(π1(M),T2) be such that Ker(f∗)⊂ Ker(ρa)
but Ker(f∗) /⊂Ker(ρ). According to Proposition 3.3, ρa is unitary. Then according to Lemma 3.8,
ρ(Ker(f∗))⊂N2 is isomorphic to Zr , r  1. We set G=Ker(f∗)∩Ker(ρ) and R := π1(M)/G. Then R
is defined by the sequence
{1}→Ker(f∗)/G→R→ π1(C)→{1},
where Ker(f∗)/G ∼= ρ(Ker(f∗)) = Zr . Since ρ(Ker(f∗)) ⊂ N2, the above definition implies that the
natural action of Dπ1(C) on Ker(f∗)/G is trivial. Thus according to Proposition 3.5, all characters
of the induced representation π1(C)→ GLr(C) are torsion. In particular, ρa is torsion as one of such
characters. The arguments used in the proof of Lemma 3.8 also show that the number of ρa satisfying
conditions of the proposition is finite. ✷
Proof of Theorem 1.8. Let Vρ be a flat vector bundle on M associated to ρ ∈ Hom(π1(M),Tn(C))
satisfying the assumptions of the theorem. Since the homomorphism d(ρ) ∈ Hom(π1(M),Dn(C)) is
the pullback of a homomorphism from Hom(π1(C),Dn(C)), Vρ is C∞-trivial. Let Vi be a flat vector
bundle associated to the homomorphism ρ ′′iu. Then Vξ =
⊕n
i=1 Vi is a flat vector bundle on C associated
to ξ := diag[ρ ′′1u, . . . , ρ ′′nu] ∈ Hom(π1(C),Dun). According to the results of Sections 2.1 and 2.2, the
equivalence class of ρ is uniquely defined by an upper triangular End(f ∗Vξ)-valued d-harmonic 1-form
α with a nilpotent (0,1)-component such that α ∧ α represents 0 in H 2(M,End(f ∗Vξ)). Moreover,
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Further, α = ∑ni,j=1 αij where αij is a d-harmonic 1-form with values in f ∗(V ∗i ⊗ Vj). Any pair
(f ∗(V ∗i ⊗ Vj), αij ) determines a homomorphism ρij ∈ Hom(π1(M),T2) with upper diagonal character
f ∗(ρ ′′iu⊗ (ρ ′′ju)−1). Since by assumption (2) the latter character is not torsion, Proposition 3.5 implies that
ρij is the pullback of a representation π1(C)→ T2. In particular, there is a d-harmonic 1-form βij with
values in V ∗i ⊗ Vj such that f ∗(βij )= αij . Thus α is the pullback of an upper triangular End(Vξ)-valued
harmonic 1-form β =∑ni,j=1 βij with a nilpotent (0,1)-component. Now Example 2.1(1) says that the
pair (Vξ , β) determines a representation ρ˜ ∈Hom(π1(C), Tn(C)). Finally, our construction and results of
Section 2.2 give f ∗(ρ˜)= ρ. ✷
Proof of Theorem 1.10. Let M be a compact Kähler manifold with fundamental group F . According to
the assumption of the theorem, F admits a surjective homomorphism p onto a fundamental group G of a
compact Riemann surface of genus g  2. (Here p is the composition F j→G1 →G1/Zk =G.) Then by
the Siu–Beauville theorem (see, e.g., [1, Theorem 2.11]) there are a holomorphic map f :M → C with
connected fibres onto a compact complex curve C of genus g′  g and a homomorphism h :π1(C)→G
such that p = h ◦ f∗. Let E := f∗(j−1(Zk))⊂ π1(C) be a normal subgroup. Assume first that π1(C)/E
is finite. Then we have h(E) is a normal subgroup of a finite index in G. But h(E)= p(j−1(Zk))= {1}
which is wrong. Thus π1(C)/E is infinite and so E is a free group. According to the assumption of the
theorem the number of generators r of E is finite. Let S → C be a regular covering corresponding to
π1(C)/E. If r  2 then the group Iso(S) of isometries of S is finite and since π1(C)/E is infinite we
have r  1. If r = 1, any discrete subgroup of Iso(S) is virtually cyclic and in particular does not act
cocompactly on S. Thus r = 0 which means that j−1(Zk) ⊂ Ker(f∗), π1(C) ∼= G and h is the identity
homomorphism. In particular, K ⊂ Ker(f∗) satisfies conditions (1), (2) of Proposition 3.5. This implies
that all characters of the action of G on Zk are torsion. ✷
Remark 3.9. Similar to Theorem 1.10 results were recently obtained by the author in [8] in connection
with a phenomenon discovered by Arapura and Nori [2].
4. Proofs of Theorems 1.1, 1.5 and 1.7
Sections 4.1 and 4.2 below contain the proof of Theorem 1.1.
4.1. First we prove a two-dimensional version of the required result.
Let T u2 ⊂ T2(⊂ T2(C)) be the subgroup of matrices with unitary upper diagonal elements. As before,
ρa ∈ Hom(π1(M),U1) denotes the upper diagonal character of ρ ∈ Hom(π1(M),T u2 ). Recall that Xa
stands for the normalization of the image of the Albanese map αX :X → Alb(X) and αnX :X → Xa
denotes a holomorphic map which covers αX.
Lemma 4.1. There is a finite Galois covering r :MH →M with an abelian Galois group H :=H(M)
such that for any ρ ∈Hom(π1(M),T u2 ) there is ρ˜ ∈Hom(π1(MHa), T u2 ) so that ρ ◦ r∗ = ρ˜ ◦ αnM .H∗
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associated π1(M)-module. We define Σ1(π1(M)) to be the set of characters ξ ∈ Hom(π1(M),C∗) such
that H 1(π1(M),Cξ ) is nonzero.
Theorem (BSC). There is a finite number of surjective holomorphic maps with connected fibres onto
smooth compact complex curves fi :M → Ci and torsion characters ρi, ρ ′j ∈ Hom(π1(M),C∗) such
that
Σ1
(
π1(M)
)=⋃
i
ρif
∗
i
(
Hom
(
π1(Ci),C
∗)) ∪⋃
j
{ρ ′j}.
Remark 4.2. The structure of the positive dimensional components of Σ1(π1(M)) was discovered by
Beauville [4]. In [26] Simpson proved that the set of zero dimensional components of Σ1(π1(M))
consists of torsion characters provided M is a smooth projective manifold. Finally, Campana [10]
established this fact for an arbitrary compact Kähler manifold by reducing the question to Simpson’s
theorem (the projective case).
Proof of Lemma 4.1. We represent Hom(π1(M),T u2 ) as R1 ∪R2 ∪R3 ∪R4 with Ri to be defined below
and prove the lemma for any component of the decomposition.
It is well known that the equivalence class of ρ ∈ Hom(π1(M),T u2 ) is defined by an element of
H 1(π1(M),Cρa ). Let R1 consist of homomorphisms ρ such that H 1(π1(M),Cρa ) = 0. Then ρ is
equivalent to a representation in the group of diagonal 2× 2 matrices. Thus if pt :Mt →M is the Galois
covering with the Galois group Tor(π1(M)/Dπ1(M)) then obviously ρ|π1(Mt ) is the pullback by αMt of
a homomorphism from Hom(π1(Alb(Mt)), T u2 ).
Assume now that H 1(π1(M),Cρa ) = 0, or equivalently, ρa ∈ Σ1(π1(M)). Let K be intersection of
the kernels of all characters ρi and ρ ′j from the BSC theorem. Then K is a normal subgroup of π1(M)
and the quotient group G := π1(M)/K is finite abelian. Let p :MG →M be the Galois covering with
the Galois group G. We set ρ ′a := ρa|π1(MG). Then ρ ′a is the upper diagonal character of ρ ′ := ρ|π1(MG).
Further, according to the BSC theorem, there are two possibilities:
(1) ρ ′a is trivial;
(2) there are a holomorphic surjective map f with connected fibres onto a smooth curve C and
ρ1 ∈Hom(π1(C),C∗) such that ρ ′a = ρ1 ◦ (f ◦ p)∗.
We will denote by R2 the set of ρ ∈ Hom(π1(M),T u2 ) satisfying (1). Then the image of ρ|π1(MG) for
ρ ∈ R2 is abelian and consists of unipotent matrices. Therefore ρ|π1(MG) is the pullback by αMG of a
homomorphism from Hom(π1(αMG(MG)), T u2 ).
Consider now case (2). Let MG g1→ C1 g2→C be the Stein factorization of f ◦p. Here g1 is a morphism
with connected fibres onto a smooth curve C1 and g2 is a finite morphism. Then ρ ′a is the pullback by
g1 of g∗2(ρ1) ∈ Hom(π1(C1),C∗). Denote by R3(f ) the set of ρ ∈Hom(π1(M),T u2 ) for which ρ ′|Ker(g1∗)
is non-trivial and let R3 =⋃i R3(fi) where the union is taken over all maps fi from the BSC theorem.
According to Proposition 3.6, ρ ′a for ρ ∈R3(f ) is torsion and the number of such characters is finite. This
implies that ρa is also a torsion character. Moreover, if n(ρ) is the number of distinct ρa for ρ ∈ R3(f )
then
∑
i
∑
ρ∈R (f ) n(ρ) <∞.3 i
A. Brudnyi / Differential Geometry and its Applications 19 (2003) 167–191 185Finally, denote by R4(f ) the set of homomorphisms ρ for which ρ ′|Ker(g1∗) is trivial and let R4 =⋃
i R4(fi). Then for any ρ ∈R4(f ) there is ξ ∈Hom(π1(C1), T u2 ) such that ρ ′ = ξ ◦ g1∗.
Let F be the intersection of the kernels of all characters ρa for all ρ ∈R3 and F1 := F ∩K ∩ π1(Mt).
Clearly F1 is a normal subgroup of π1(M) and H := π1(M)/F1 is finite abelian. Let r :MH → M
be the Galois covering with Galois group H . Then there is a covering map r1 :MH →MG such that
r = p ◦ r1. Now for ρ ∈R3(f )∪R4(f ) let g1 :MG → C1 be as above and MH h1→ C2 h2→ C1 be the Stein
factorization of g1 ◦ r1. Here h1 is a morphism with connected fibres onto a smooth curve C2 and h2 is
a finite morphism. Then ρ ′′a := ρa|π1(MH ) is the pullback by h1 of (g2 ◦ h2)∗(ρ1) ∈ Hom(π1(C2),C∗) and
ρ ′′a is the upper diagonal character of ρ ′′ := ρ|π1(MH ). In particular, if ρ ∈ R4(f ) then ρ ′′ is pullback by
h1 of ξ ◦ h2∗ ∈ Hom(π1(C2), T u2 ). Since C2 is a smooth curve, the Albanese map αC2 :C2 → Alb(C2)
is an embedding. Below we identify C2 with αC2(C2). Then there is a holomorphic surjective map
aC2 : Alb(MH)→ Alb(C2) such that h1 = aC2 ◦ αMH . Thus if n :MHa → αMH (MH) is normalization,
then ρ ′′ is the pullback by αnMH of ξ ◦ (h2 ◦ aC2 ◦ n)∗ ∈Hom(π1(MHa), T u2 ).
Assume now that ρ ∈ R3(f ). Then ρ ′′a is trivial and the image of ρ ′′ consists of unipotent matrices
(and so is abelian). This implies that ρ ′′ is pullback of a homomorphism from MHa because any such ρ ′′
is defined by integration of a harmonic 1-form on MH .
So we have considered all possible implications for ρ ∈Hom(π1(M),T u2 ) and have proved Lemma 4.1
with the above defined H . ✷
Remark 4.3. (1) Let ρ˜ ∈ Hom(π1(MHa), T u2 ) be a homomorphism from Lemma 4.1, that is ρ ◦ r∗ =
ρ˜ ◦ αnMH∗ , and ρ˜a be the upper diagonal character of ρ˜. Then the arguments of the lemma show that
ρ˜a = exp(η) for some η ∈ Hom(π1(MHa),C). In particular, ρ˜a is uniquely defined by ρa. Indeed, by
definition αnMH∗ determines an isomorphism of H1(MH,Z)/torsion and H1(MHa,Z)/torsion. Since also
ρa ◦ r∗ = exp(φ) with φ ∈ Hom(π1(MH),C) (see the definition of H ), the above isomorphism implies
that φ = (η + φ1) ◦ αnMH∗ , where φ1 is a homomorphism of π1(MHa) into 2πiZ. This shows that ρ˜a is
uniquely defined.
(2) In fact the lemma is valid for any representation of Hom(π1(M),T2(C)). However, our choice of
the class is stipulated by the following argument.
Note that any ρ in Lemma 4.1 is equivalently defined by a flat vector bundle E on M ,
0→E1 →E→E2 → 0
where E2 is a trivial flat vector bundle of complex rank-1 and E1 is a flat vector bundle with unitary
structure group (associated to the character ρa). It is well known that the equivalence classes of extensions
of E2 by E1 are in one-to-one correspondence with the elements of the ˇCech cohomology group
H 1(M,E1), where E1 is the sheaf of locally constant sections of E1 (see, e.g., [3, Proposition 2]). In
particular, by the de Rham theorem and the Hodge decomposition we obtain that the equivalence class
of E is uniquely defined by a d-harmonic 1-form η with values in E1 (as before the Laplacian is defined
by the flat Hermitian metric on E1). The pullback r∗E on MH determines the homomorphism ρ|π1(MH ).
Let s :M1 →MHa be a desingularization. (Since MHa is normal, the fibres of s are connected.) Then
there is a modification m :M ′H →MH and a holomorphic surjective map α1 :M ′H →M1 such that the
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commutes. In particular, Lemma 4.1 implies that there is a flat vector bundle F on M1 lifted from MHa
defined by
0→ F1 → F → F2 → 0
where F2 is a trivial flat vector bundle of complex rank-1 and F1 is a flat vector bundle with unitary
structure group and by a d-harmonic 1-form η1 with values in F1 such that α∗1F =m∗(r∗E) and, hence,
α∗1(η1)= (r ◦m)∗(η). Note that according to part 1 of the remark, F1 is uniquely defined by E1. Clearly
η1|V = 0 and F1|V is trivial for any fibre V of s because F |V is a trivial flat vector bundle.
4.2. We are ready to prove Theorem 1.1. According to Proposition 2.3 it suffices to prove the theorem
for representations ρ ∈Hom(π1(M),Tn(C)). Let Vρ be the associated flat vector bundle and pt :Mt →M
be a regular covering with the covering group T := Tor(π1(M)/Dπ1(M)). The representation ρ|π1(Mt )
is defined by p∗t Vρ . Let d(ρ) ∈ Hom(π1(M),Dn(C)) be the representation defined by the diagonal of ρ.
Then clearly d(ρ)|π1(Mt ) ∈ En(Mt) (see its definition in Section 1). Moreover, the diagonal characters
ρ ′ii of d(ρ)|π1(Mt ) satisfy ρ ′ii = exp(ρ˜ii ◦ pt∗) for some ρ˜ii ∈ Hom(π1(M),C). In particular, p∗t Vρ is
defined by a flat connection ω on Mt × Cn such that ω is an upper triangular 1-form and diag(ω)
consists of harmonic 1-forms lifted from M . Further, according to the results of Section 2.2, p∗t Vρ is
also defined by a flat vector bundle E on Mt which is a direct sum of complex rank-1 flat vector bundles
with structure group U1 and by an upper triangular 1-form α + ∂h with values in End(E) satisfying
the flatness condition. Here α is d-harmonic with a nilpotent (0,1)-component and E is defined by the
flat connection diag(ω′′)− diag(ω′′) where ω′′ is the (0,1)-component of ω. In particular, the structure
of diag(ω) shows that E = p∗t V for a flat vector bundle V on M which is a direct sum
⊕n
i=1 Vi of
C∞-trivial complex rank-1 flat vector bundles with structure group U1. Further, End(E) =⊕ni,j=1 Eij
with Eij := p∗t V ∗i ⊗ p∗t Vj . Then α admits a decomposition α =
∑n
i,j=1 αij where αij is a harmonic
1-form with values in Eij . Let H1(Eij ) be the space of Eij -valued d-harmonic 1-forms on Mt . Since
Eij is pullback of a bundle on M , the finite abelian group T acts on H1(Eij ). This action is completely
reducible and H1(Eij ) is isomorphic to the direct sum
⊕m
k=1 Hk of unitary 1-dimensional T -modules.
Then αij =∑mk=1 αkij with αkij ∈ Hk. Let ξ kij ∈ Hom(π1(Mt), T u2 ) be a representation constructed by the
pair (Eij , αkij ).
Lemma 4.4. There exists ξ˜ kij ∈Hom(π1(MHa), T u2 ) such that ξ kij |π1(MH ) = (αnMH )∗(ξ˜ kij ).
Proof. According to our construction, for any h ∈ T we have h∗(αkij )= ρk(h)αkij . Here we regard h as a
biholomorphic map of Mt and ρk is the character determining Hk . In particular, ρk determines a complex
rank-1 flat vector bundle Bk on M with structure group U1 and αkij determines a d-harmonic 1-form
α˜kij with values in Bk ⊗ V ∗i ⊗ Vj such that p∗t (α˜kij )= αkij . Let ξ k ∈ Hom(π1(M),T2) be a representation
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such that ξ k ◦ r∗ = ξ˜ kij ◦ αnMH∗ . But our construction implies that ξ k ◦ r∗ = ξ kij |π1(MH ).
The lemma is proved. ✷
Further, observe that r∗E is the pullback of a bundle F defined on MHa lifted from Alb(M) (because
each Vi is defined by a homomorphism exp(ηi) with ηi ∈ Hom(π1(M),C)). Moreover, F is the direct
sum
⊕n
i=1Fi of C∞-trivial complex rank-1 flat vector bundles with structure group U1. Therefore
r∗(End(E)) is the pullback of End(F ) =⊕ni,j=1 Fij , Fij := F ∗i ⊗ Fj so that r∗Eij = (αnMH )∗Fij . Let
m :M ′H →MH and s, α1 be the same as in Remark 4.3 (see (4.1)). Then according to Lemma 4.4 and
Remark 4.3 applied to each Eij and αkij , the form (r ◦ m)∗(αij ) is the pullback by α1 of a d-harmonic
1-form βij with values in s∗Fij (see also the uniqueness condition of part 1 of the remark) such that βij
vanishes on each fibre of s. Thus (r ◦ m)∗(α) = α∗1(β), where β =
∑n
i,j=1 βij is a d-harmonic 1-form
with values in s∗(End(F )). Observe also that the flatness condition and ∂∂-lemma imply that α ∧ α is
a d-closed, d-exact (1,1)-form. Thus from Proposition 6.1 of [7] it follows that β ∧ β is a d-closed,
d-exact matrix (1,1)-form with values in End(F ). Moreover, by the definition of α the (0,1)-component
of β is nilpotent. Then from the results of Section 2.2 it follows that there is a unique (up to a flat additive
summand) section h1 such that β+∂h1 satisfies the flatness condition. Moreover, by the same uniqueness
result applied to α and h we have
α∗1(β + ∂h1)= (r ◦m)∗(α+ ∂h).
In particular, the pair (F,β + ∂h1) determines a flat vector bundle F ′ on M1 with triangular structure
group such that α∗1F ′ = (r ◦ m)∗Vρ . Let V be a fibre of s (without loss of generality we may assume
that V is smooth, for otherwise we apply the arguments below to each irreducible component of a
desingularization of V ). Then by the definition of β, β|V is zero and F |V is a trivial flat vector bundle.
From here and the flatness condition it follows that h1|V is pluriharmonic and so it is constant. Thus F ′|V
is a trivial flat vector bundle and the argument similar to that used in the proof of Proposition 3.3 shows
that there is a flat vector bundle F ′′ defined on MHa such that s∗F ′′ = F ′. Let ρ˜ ∈Hom(πMHa , Tn(C)) be
the homomorphism associated to F ′′. Then ρ˜ ◦ αnMH∗ = ρ ◦ r∗ because m∗ determines an isomorphism of
fundamental groups.
This completes the proof of Theorem 1.1. ✷
Remark 4.5. Let ρ ∈Hom(π1(M),Nn) be a homomorphism into the group of upper triangular unipotent
matrices. Then the arguments of the proof of Theorem 1.1 show that Ker(αnM∗)⊂ Ker(ρ). In fact, in this
case the above flat bundle E is the direct sum of trivial complex rank-1 flat vector bundles and so all
harmonic 1-forms with values in End(E) are pullbacks from Alb(M). This result can be also obtained
from a result of Campana (see, e.g., [1, Proposition 3.33].
4.3. Proof of Theorem 1.5. Let ξ ∈ SOn (M). Condition (b) in the definition of the class SOn (M), the
arguments used at the beginning of Section 4.2 and the results of Sections 2.2 imply that the equivalence
class of p∗t (ξ ) is uniquely defined by a d-harmonic matrix 1-form α with values in a bundle E which
is a direct sum of C∞-trivial complex rank-1 flat vector bundles with structure group U1 lifted from M ,
such that α ∧ α is d-exact (because the flat vector bundle on Mt associated to p∗t (ξ ) is defined by a
flat connection with an upper triangular (0,1)-component on Mt × Cn). Repeating word-for-word the
arguments used in the proof of Theorem 1.1 in the case ξ ∈Hom(π1(M),Tn(C)), we obtain the required
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As above (see Section 2.2), p∗t (ξ ) is defined by a matrix 1-form (α′ + ∂h)+ α′′ with values in End(E)
satisfying the flatness condition. Here α′ is a holomorphic 1-form and α′′ is an antiholomorphic nilpotent
1-form. The flatness condition is equivalent to the equations
(α′ + ∂h)∧ (α′ + ∂h)= 0;
∂(α′ + ∂h)= (α′ + ∂h)∧ α′′ + α′′ ∧ (α′ + ∂h);
α′′ ∧ α′′ = 0.
This implies that the form z(α′+∂h)+α′′ is also flat for any z ∈C. This form determines (by iterated path
integration) a holomorphic deformation ξ(z) ∈Hom(π1(Mt),GLn(C)) such that ξ(1)= p∗t (ξ ) and ξ(0) is
defined by End(E)-valued antiholomorphic nilpotent 1-form α′′. In particular, ξ(0) ∈ Hom(π1(Mt), T un )
and the diagonal d(ξ(0)) ∈ Hom(π1(Mt),Dun) of ξ(0) determines E. By the definition of E, there is a
ρ ∈Hom(π1(M),Dun) such that p∗t (ρ)= d(ξ(0)). We complete the proof of the theorem by
Lemma 4.6. Let Y be a compact Kähler manifold. For any η ∈ Hom(π1(Y ), Tn(C)) we have Xη ⊂Xd(η).
Proof. Let X1 be an irreducible component of Xη of pure dimension  1. We will prove that X1 ⊂Xd(η).
According to the results of Section 2.3 there is an open neighbourhood O ⊂ X1 of η such that for
any w ∈ O , w = η, there is a holomorphic map f :D→ X1 satisfying f (0) = η and w ∈ f (D).
Regarding f as a holomorphic deformation of η we have f (z)(g) =∑∞i=0 fi(g)zi , g ∈ π1(Y ), such
that f (z) ∈ Hom(π1(Y ),GLn(C)), f0 = η, fi are functions on π1(Y ) with values in gln(C) and the
series converges uniformly on each compact subset of D for any g ∈ π1(Y ). Let y ∈ D, y = 0, be such
that f (y) = w. For a holomorphic diagonal matrix function A(z) := diag[1, z, z2, . . . , zn−1] we define
f1(z)=A(z)−1f (yzn−1)A(z). Set a := (1/|y|)1/(n−1) > 1. Then a straightforward calculation shows that
f1(z) is holomorphic in the disk Da := {z ∈ C: |z|< a}, f1(0) = d(η), f1(1) = w and for any z ∈ Da ,
f1(z) ∈Hom(π1(Y ),GLn(C)). From here it follows that there is an irreducible component X(w) of Xd(η)
containing w. This is valid for any w ∈O . Thus X1 coincides with X(w0) for some w0 ∈O because X1
is irreducible and O ⊂X1 is open.
This completes the proof of the lemma. ✷
The above lemma implies that p∗t (ξ ) in Theorem 1.5 belongs to Xp∗t (ρ). ✷
Corollary 4.7. Let ρ ∈ Sn(M) (see the definition in Section 1). Then there is a holomorphic deformation
ρ(z) ∈ Hom(π1(M),Tn(C)), z ∈C, of ρ such that ρ(1)= ρ and ρ(0) ∈Hom(π1(M),Dun).
Proof. The proof repeats the arguments of the proof of Theorem 1.5, because in this case ρ is defined
by an upper triangular flat connection ω on M × Cn and we can use the results of Section 2.2. Further
details might be left to the reader. ✷
Proof of Theorem 1.7. Clearly we have G0s (M) ⊆ G0su(M). We will prove that G0su(M) ⊆ G0s (M).
Let ρ ∈ Sn(M), that is ρ ∈ Hom(π1(M),Tn(C)) and d(ρ) ∈ En. According to Corollary 4.7, there
is a holomorphic deformation ρ(z) ∈ Hom(π1(M),Tn(C)), z ∈ C, of ρ such that ρ(1) = ρ, ρ(0) ∈
Hom(π1(M),Dun) and ρ(z)(g)=
∑∞
i=0 fi(g)z
i
, g ∈ π1(M) where the fi are upper triangular functions
on π1(M). Let πm : GLn(C)[[z]] → GLn(Am[z]) be the quotient homomorphism defined in Section 2.3.
A. Brudnyi / Differential Geometry and its Applications 19 (2003) 167–191 189Then πm(ρ(z)) ∈Hom(π1(M),GLn(Am[z])) is equivalent to a representation ρ˜ ∈Hom(π1(M),T up ) (see
the arguments of the proof of Proposition 2.3). Therefore Ker(πm(ρ(z)))⊃G0su(M) for any m 0. Then
Proposition 2.2 implies that
G0su(M)⊂
⋂
i0
Ker
(
πi
(
ρ(z)
))=⋂
z∈C
Ker
(
ρ(z)
)⊂Ker(ρ).
This shows that G0su(M)⊂G0s (M) and completes the proof of the theorem. ✷
5. Proofs of Theorem 1.12 and other results
According to Theorem 1.1, Ker(αnMH∗) ⊂ Gs(M). We assume that the Albanese map αMH is non-
trivial. For otherwise, Ker(αnMH∗) = π1(MH) which implies that Ms =MH and the required statement
is trivial. Let K := Ker(αMH∗). Then K is a normal subgroup of π1(M) (because π1(MH) ⊂ π1(M) is
normal) and π1(M)/K is a solvable group of the form
{1}→ Z2l → π1(M)/K→H →{1}.
Here l = dimCAlb(MH). It is easy to see that π1(M)/K admits a faithful representation to some Tn(C)
(see, e.g., the construction used in Lemma 4.4). Therefore Gs(M) ⊂ K . Let F := αnMH∗(Gs(M)) and
MFa →MHa be a covering corresponding to the group F ⊂ π1(MHa). Here MHa = αnMH (MH). By the
covering homotopy theorem there is a holomorphic surjective map f :Ms →MFa which covers αnMH .
Let i :V ↪→MH be a connected component of a fibre of αnMH . Then i∗(π1(V ))⊂ Ker(αnMH∗) ⊂Gs(M)
and therefore there is an embedding i′ :F ↪→Ms such that i′(F ) is a connected component of a fibre
of f . This shows that f is a proper surjective holomorphic map onto MFa . We will prove that MFa is a
Stein space.
Let K ′ = αnMH∗(K) and MK ′a be the Galois covering of MHa corresponding to K ′. Then by the
definition of K , there is an intermediate covering map p :MFa → MK ′a . Let A :Cl → Alb(MH)
be the universal covering. Since by definition π1(MH)/K ∼= π1(MHa)/K ′ ∼= π1(Alb(MH)), MK ′a is
normalization of A−1(αMH (MH)) ⊂ Cl . In particular, the standard properties of Stein spaces (see,
e.g., [14]) imply that MK ′a is Stein and the covering MFa of MK ′a is also a normal Stein space.
Other statements of the theorem are easy corollaries of the above argument.
The theorem is proved. ✷
Remark 5.1. According to Remark 1.2 the kernel of any matrix unipotent representation of π1(M)
contains Ker(αnM∗). Then the same arguments as before show that the Malcev covering of M is
holomorphically convex which includes the result of Katzarkov [15].
Proof of Corollary 1.13. If Gs(M) = {1} then the universal covering Mu is holomorphically convex
and any fibre V of αnMH can be lifted to Mu (we denote the image of V in Mu by the same letter). Since
π2(M) = 0, Hurewicz’s theorem implies that H 2(Mu,C) = 0. Let ω be a d-closed (1,1)-form on Mu
which is pullback of the form on M determining the Kähler metric. If dimC V  1 then ω|V is not d-
exact and so ω determines a non-trivial element of H 2(Mu,C). This contradiction shows that dimCV = 0
and the map f2 :Mu →M ′ from the proof of Theorem 1.12 is identity. Therefore Mu =M ′ is Stein. ✷
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sional complex with k = dimCMu. Thus any compact complex manifold M satisfying the assumptions
of the corollary such that πi(M) = 0 for some i > dimCM is not Kähler.
Proof of Theorem 1.14. According to Corollary 1.13, αnMH :MH →MHa is a finite analytic covering.
In particular,
dimC MH  dimCAlb(MH)
1
2
rank
(
π1(M)/D
2π1(M)
)
.
These inequalities and the condition of the theorem imply that
dimC MH = dimCAlb(MH)= 12 rank
(
π1(M)/D
2π1(M)
)
and αMH :MH → Alb(MH) is a finite analytic covering. According to Theorem 1.5, any ρ ∈
Hom(π1(M),Tn(C)) factors through αnMH (which coincides with αMH in our case). Therefore
π1(MH)/Gs(M) ∼= π1(Alb(MH)). Since Gs(M) = {1}, we have π1(MH) ∼= π1(Alb(MH)) ∼= Z2l . This
completes the proof of the first part of the theorem.
If, in addition, πi(Mu) = 0 for 1  i  dimCM , then MH is a K(Z2l ,1)-space. Note that Alb(MH)
is also a K(Z2l ,1)-space and αMH induces an isomorphism of fundamental groups. Therefore by
Eilenberg’s theorem (see [11]), α∗MH :Hi(Alb(MH),Z)→Hi(MH ,Z) is an isomorphism for any i  0.
Note that if 1 ∈ H 2l(Alb(MH),Z) is a generator then α∗MH (1) coincides with deg(αMH ). Applying the
above isomorphisms with i = 2l we get deg(αMH )= 1 showing that αMH is biholomorphic. ✷
Similarly one can prove the statement of Remark 1.15. In this case according to Remark 1.2 and the
assumptions of Remark 1.15, αnM :M→Ma is a finite abelian covering. Then we can proceed as above.
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